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Abstract-A penetration test using a continuously increasing load applied on a knife-edge indenter (30’ 
angle) is described. The specific advantage of this method is that the applied load is continuously recorded 
as a function of the penetration depth. Ni-200 and 70/30 brass with varying plastic deformation responses 
produced by different cold rolling and annealing schedules were studied. The finite element method was 
applied to model the plastic deformation process under the indenter and to predict the load versus 
depth-of-penetration curves. A linear relationship between the applied load and the penetration depth was 
found experimentally and by computer simulation for all conditions. 

R&um&Nous dkcrivons un essai de p&&ration qui utilise une charge augmentant continfiment, 
appliquke sur un indenteur en lame de couteau (angle de 30’). L’avantage spCcifique de cette mtthode est 
que la charge appliquke est enregistrke contintiment en fonction de la profondeur de p&tration. Nous 
avons &tudi& le Ni-200 et le laiton 70/30 en changeant les rtponses i la d&formation plastique produites 
par divers programmes de laminage et de recuits. Nous avons utilist la mCthode des Gments finis pour 
modCliser la d&formation plastique sous I’indenteur et pour prbvoir les courbes de la charge en fonction 
de la profondeur de p&&ration. Dans toutes les conditions, nous avons trouvt exptrimentalement et par 
simulation sur ordinateur, une relation linkaire entre la contrainte appliquCe et la profondeur de 
pCn&tration. 

Zusammenfassung-Es wird ein Eindringtest beschrieben, bei dem eine kontinuierlich ansteigende Last auf 
einen Stempel mit einer Messerkante (30”-Winkel) einwirkt. Der besondere Vorteil dieser Methode liegt 
darin, da13 die angelegte Last kontinuierlich in Abhangigkeit von der Eindringtiefe verfolgt wird. 
Untersucht wurden Ni-200 und Messing 70/30, deren plastisches Verhalten sehr unterschiedlich war 
wegen der verschiedenen zur Herstellung benutzten Walz- und Ausheilverfahren. Der plastische 
VerformungsprozeD unterhalb des Eindruckstempels wurde mit der Methode der fin&en Elemente 
berechnet; hiermit wurde der Zusammenhang zwischen Last und Eindringtiefe ermittelt. Fiir alle 
Bedingungen ergab sich ein linearer Zusammenhang zwischen angelegter Last und Eindringtiefe, sowohl 
experimentell als such mil der Computersimulation 

1. INTRODUCTION 

The hardness test is the most common mechanical 
test for metals. It produces an arbitrary number that 
is related to the strength of the material. On the other 
hand, the tensile test produces parameters that are of 
fundamental significance and that can be directly 
used in the design of structures. The ease of conduc- 
ting the hardness test has led to numerous attempts 
to correlate the hardness to tensile parameters [l-5]. 
However, the plastic deformation under an indenter 
is complex; this is compounded by the dependence 
of flow stress on prior plastic deformation exhibited 
by metals (work hardening). Hence, simplified cor- 
relations of the form H = ku.y, where H is the hard- 

ness (defined as load divided by projected area of 
indentation), k is a proportionality constant, and 0,. 
is the yield stress, have only been successful for 
specific metals over a limited range of plastic defor- 
mation response. The early theoretical attempts to 
derive correlations have used the slip-line-field (rigid 
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perfect plastic system) approach (Hill [6], Hill et al. 
[7]). Marsh [18] utilized the relationship H = kcr,. and 
confirmed its validity for quartz and materials with a 
high ratio, a,/E, where E is Young’s modulus. How- 
ever, for lower values of aLIE, the mode of defor- 
mation involves a radial displacement of material, 
leading to a different equation. Hirst and Howse [9] 

used wedge indenters with angles between 60’ and 
170” and indented a variety of materials. They found 

that friction contributed to the process. For small 
wedge angles, and high 0, /E ratios, they found that 
the deformation process was consistent with Hill’s 
[6, 71 calculations. When these conditions were not 
met, substantial differences were observed. Johnson 

[lo] explained the differences between the predictions 
of Hill’s elasto-perfectly-plastic theory with observed 
results at low 0,./E ratios and large angles in terms of 
a radial expansion of the material, which is not 
incorporated in Hill’s theory. Johnson [lo] then ap- 
plied Hill’s theory for the radial expansion of a 
spherical cavity to an indentation and arrived at 
relationship which provided a much more satis- 
factory correlation with experimental results. He 
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proposed that the indentation pressure (force/area 
of indentation) was governed by the parameter 
(E/o?) tan [(rc - 0)/Z] where 0 is the wedge angle. The 
following equation describes this behavior 

p =a, 
n-e 

J2 [ l+ln+itan ~ ( 11 . nY 2 (1) 
Johnson [l l] also developed the theory for an anal- 
ogous problem: the deformation of a plastic wedge by 
a rigid plate. 

Another approach, implemented by Shaw et al. 
[ 12, 131, used an elasto-plastic model. The work hard- 
ening of the metal is not incorporated into this 
treatment. 

The work described herein is an attempt at obtain- 
ing fundamental strength properties (yield stress, 
work hardening coefficient, uniform elongation) by 
means of an indentation test and numerical analysis, 

2. EXPERIMENTAL 

2. I. Materials 

Two different alloys were used in the present 
investigation: Nickel 200 (99.5% Ni) and 70% 

Cu-30% Zn brass. This material was cut into plates 
of dimensions 100 x 65 x 25.4 mm, fully annealed, 

and then reduced by cold rolling (reductions of 20, 
40,60, 80 and 90% in area). Tension and indentation 
specimens from the materials with 80% of reduction 
by cold rolling were annealed at temperatures be- 
tween 200 and 700°C for 1 h. Longitudinal and 
transverse tensile specimens were machined accord- 
ing to the ASTM E 8-68 designation, and chemically 
polished to remove any surface irregularities. Tensile 
testing was carried out using an MTS-810 universal 
testing machine. A strain rate of 0.001 ss’ was ap- 
plied under stroke control. In order to record the 
elongation, an MTS clip-gage (12.7 mm gage length) 
extensometer was used. 

Figure l(a) shows a general conceptual sketch of 
the continuous indentation test. A sharp indenter 
(0 = 30”) is pressed into the specimen by the applica- 
tion of a load increasing at a constant rate. This load 
was plotted against the depth of the indentation 
directly on the X-Y recorder. In order to have 
plane-strain behavior, a knife-edge geometry was 
used. This indenter is sensitive to the anisotropy of 
the plastic deformation response which is an im- 
portant characteristic of metals after processing. 
Specimens with parallel and polished surfaces were 
prepared for these experiments, along both the longi- 
tudinal and transverse directions (with respect to 
rolling). The characteristics of such indenter, as well 
as the loading set-up in the MTS universal testing 
machine, are shown in Fig. l(b). 

The MTS universal testing machine was used in the 
compression mode, and the load P vs depth of 
indentation t was continuously recorded by using the 
same extensometer described previously for the ten- 
sion test. These experiments were conducted at a 

fl Indenter 

Specimen 

r-7 To load cell 

To piston 

Fig. 1. (a) Knife-edge indenter and specimen; (b) complete 
indentation system. 

piston velocity of 0.0125 mm s-’ under stroke con- 
trol. 

The material from which the indenters were ma- 

chined is an AISI Wl steel, quench hardened from 
700°C in water and tempered at 200°C. The jigs and 
holder for the experimental set-up were made of AISI 
4140 steel quench hardened from 830°C in oil. In 
order to reduce friction, molybdenum sulfide powder 

or vacuum grease was applied to the specimen prior 
to penetration. 

2.2. Finite element code 

The finite element method for elasto-plastic materi- 
als was used to model the material flow under an 
indenter and to predict the theoretical load versus 
penetration depth curve for different material con- 
ditions. 

Since material close to the central part of the 
knife-edge indenter does not flow in a direction 
parallel to the edge of the indenter during pene- 
tration, a condition of plane strain was assumed with 
boundary conditions given by the amount of dis- 
placement along the cross-sectional contour of the 
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(a) 

(b) 

Fig. 2. (a) Displacements given to segment AB; (b) mesh division for finite element analysis 

indentation. For calculations, the indenter was as- 

sumed to be rigid, and the specimen was assumed to 
be an isotropic elasto-plastic material. 

The finite element code applied to this study was 
developed based on a series of routines given by 
Swedlow [14] and using the documentation given by 
Nyo and Sinclair [ 151. The principal features of this 
code are: (a) it is used for the plane strain defor- 
mation of elasto-plastic materials with work hard- 
ening obeying von Mises flow criterion, (b) the form 
of the elements is triangular, (c) the displacement 

function within the elements is expressed by a linear 
polynomial, and (d) the Gauss elimination method 
is used for obtaining the incremental displacements 
of the nodal points from a structural stiffness 
matrix. The relationship between the effective true 
stress 8 and the effective natural logarithmic plastic 

strain Z0 is introduced as the exponential equation 

5 = c($ + S)“, where 6 is defined as (c_V/c)l:“, where 
Ti, is the effective yield stress. The rate of work- 
hardening H used in the formation of the stiffness 
matrix is calculated at every step of the iteration from 
the expression H = (5 - 7i *)/(E,, - 2:) where 5 > ii * 
and $, > Zp*. ?? * and Zp* are values calculated at each 
step, and ?! and E,, are values defined by the consti- 
tutive equation 5 = c(&, + 6)“. This definition of the 
work-hardening rate H suppresses the divergence of 
calculation automatically. Additionally, in order to 
minimize the divergence of calculation, the rate of 
work-hardening is taken to be zero [16] when the 
calculated stress Ti* > 1.05 5, and is taken to be 5H 
when a* < 0.9 i7,, where 0, is defined as the theo- 
retical value of stress obtained from the constitutive 
equation at the calculated plastic strain E;. 

Figure 2(b) shows the mesh division used in this 
study for the analysis by the finite element method, 
where displacements shown in Fig. 2(a) are given on 
a boundary AB in the x direction. The number of 

elements and nodal points in this mesh are 70 and 46, 
respectively. Calculations are repeated until an accu- 
mulation of incremental AL becomes a given dis- 

placement L. 
For the mesh used in this study [Fig. 2(b)], the 

boundary points along BC move only in the 1’ 
direction owing to symmetry of deformation; bound- 

ary points along CD and DE are fixed points; and the 
boundary EA is a free surface. The distance AB 
corresponds to the penetration depth where the pres- 
ence of a crack is assumed; different displacement 
conditions are established according to the shape of 
the given crack. This deformation sequence is 

different from the one undergone by the actual 
penetration process. The depth of the crack is as- 
sumed constant in this analysis, with the penetration 
angle increasing as a function of the displacement. 

The Prandtl-Reuss plasticity theory and the von 

Mises flow criterion, deduced from an assumption of 
path independence, are used in this model; hence, 
both deformation processes lead to the same final 
deformation state through different deformation 
paths. 

3. RESULTS AND DISCUSSION 

3.1. Tensile tests 

Figure 3 shows the engineering stress-strain curves 
for Ni-200. From these curves it is possible to 
observe an increase in the values of the yield and 
maximum stress with an increase in the percentage of 
cold rolling reduction. It can also be seen that the 
uniform elongation zone for these curves becomes 
very short with increasing reduction which indicates 
a small work hardening response of the materials 
previously cold rolled. On the other hand, curves for 
the materials with 80% cold rolling and annealing 
show a more extended uniform elongation zone, from 
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Fig. 3. Engineering stress-strain curves for NiG200; (a) longitudinal and (b) transverse cold-rolled 
conditions; (c) longitudinal and (d) transverse after 80% cold reduction and different anneals. 

which it is possible to determine the work hardening 
exponent accurately. 

Small differences for the yield and maximum stress 
values are observed between longitudinal and trans- 
verse specimens (to the rolling direction) of Ni-200, 
but larger differences are observed for the 70/30 brass 
specimens. 

stress-strain curves for rolled materials, while the 
lower curves represent the values of yield stress for 
the same materials. In these plots, the work hard- 
ening rate in the tensile tests is much higher than in 
cold rolling. If the two processes were identical, the 
yield stress and maximum stress curves would coin- 
cide with each other. 

To examine the tensile properties of Ni-200 and Due to the small uniform elongations exhibited by 

70/30 brass after various degrees of cold rolling the engineering stress-strain curves for the cold rolled 

reduction, master curves of effective true stress, i?, materials shown in Fig. 3, it was difficult to determine 
vs effective natural strain, E, were obtained [Fig. 4(a) accurately the strain hardening exponent n. However, 

and (b)], by using the definitional equations of the these values were found to be of the order of 0.0550.1 
effective stress and plastic strain [17]. These incor- for the deformed materials (Ni-200 and 70/30 brass); 
porate the plastic strain values induced during the for the rolled and annealed conditions they were 
cold rolling process (20, 40, 60, 80 and 90% reduc- found to be between 0.44 and 0.5 for Ni-200 and 
tion). The uniaxial true stress-strain curves for the between 0.1 and 0.23 for 70/30 brass. No substantial 
as-rolled materials are shown in these figures with differences between the values obtained for longi- 
thinner lines, starting at a value of effective strain tudinal and transverse specimens were observed. A 
corresponding to the strain given in the rolling pro- plot of uniform elongation versus the strain hard- 
cess. The upper curves in these figures represent the ening exponent is shown in Fig. 5. From this figure 
ultimate tensile stress found in the uniaxial true it seems that Considere’s criterion [ 181, which predicts 
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Fig. 4. Master curve of effective true stresseffective natural 
strain, incorporating tensile and rolling properties of (a) 
Ni-200 and (b) 70/30 brass after various degrees of cold 

rolling reductions. 

a straight line with slope equal to 1, applies approx- 
imately to Ni-200, but does not apply at all to 70/30 
brass. Indeed, for brass the uniform elongation is 
approximately equal to twice the value of the work 

hardening exponent. 

3.2. Penetration tests 

Figure 6 shows the results of the penetration tests 
for Ni-200 longitudinal specimens in the cold-rolled 
and cold rolled (80%) plus annealed conditions. The 
cold-rolling reductions and annealing temperatures 
are marked in Fig. 6(a) and (b), respectively. The 
most important characteristic of these tests is that the 

NI-200 ’ 
/ 

0 0.25 05 

Uniform elongation 

Fig. 5. Uniform elongation vs work hardening exponent for 
Ni-200 and 70130 brass, 

curves can be considered as straight lines, to a first 
approximation. The results for the transverse speci- 
mens are essentially identical to the ones for the 

longitudinal specimens. The results for 70/30 brass 
(not shown) can also be approximated as straight 
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Fig. 6. Load vs penetration curve for Ni-200; (a) annealed 
and cold-rolled (reductions of 20, 40, 60, 80, 90%) condi- 
tions: (b) cold-rolled (reduction of 80%) and annealed for 

I h at 300, 400. 500, 600. 700‘C 
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Fig. 7. Load-projected area ratio vs yield stress 
experimentally determined for Nip200 and 70/30 brass and 
theoretical predictions [7]. Black symbols: Ni-200; hollow 
symbols: 70/30 brass; n cold rolled, longitudinal; 0 cold 

rolled, transverse; 0 cold rolled and annealed for I h. 

lines. The differences in slope among the various 

conditions are found to be consistent with the 
differences in tensile response, as will be discussed 

later. 
In order to determine the reproducibility of the 

test, eight experiments were conducted on the same 
annealed 70/30 brass specimen. The slopes of the 

load, P, vs penetration depth, t, curves were deter- 
mined and converted into load/projected area ratios 
P/A. This is done by multiplying the former by 0.622, 

because P/A is represented by P/(2 It tan 15’) where 
1 is the width of the indenter. A mean value of the 
ratio P/A is found to be 1.8 MN/m2 with a standard 
deviation of 0.07 MN/m2. This yields a standard error 

of -4%. This test is therefore very reproducible. 
The load/projected area ratios for all conditions 

(both Ni-200 and 70/30 brass) are plotted as a 
function of yield stress (obtained in the uniaxial 
tensile test) in Fig. 7. The experimental data can be 
represented by a straight line as 

5 = (3.6 f 0.2) oy + (1.459 + 130) (in MN/m’). (2) 

The terms inside the brackets and preceding the + 
signs are the standard deviations. The square of the 
correlation factor, R*, is 0.857. When penetration 

occurs into a material which shows no elastic limit 
but has a parabolic work-hardening, a force is neces- 
sary for penetrating due to work hardening. The 
work-hardening increases the flow stress of the re- 
gions plastically deformed. Hence, the line which fits 
the experimental points does not pass through the 

origin. The results displayed in Fig. 7 are in contrast 
with simple hardness tensile data correlations which 

predict a proportionality between the load/projected 
area and the yield stress 

H=$=Cn,. (3) 

Prandtl [ 151 was the first to explain the origin of the 
constraint factor, C. He considered a flat rigid punch 

and calculated the load required to produce plastic 
deformation in the specimen. He found that 
C = 3n/2 = 2.57. Hill [6] used the slip-line-field anal- 

ysis and found the same result. Shield [20] extended 
the treatment of Hill [6] and found C = 2.82. A more 

elaborate theory was developed by Hill et al. [7]; for 

wedges they calculated the load required for pene- 
tration as a function of indenter angle for a plane- 
strain configuration and a knife-edge indenter. For 
0 = 30”, one finds a value of C = 1.4, using Fig. 8 
of Hill et al. [7]. Hill et d’s [7] prediction is plotted 
in Fig. 7; one can clearly see that it is not realistic. 

Johnson [l l] developed equation (1) for wedges hav- 
ing large values of 0. He assumed a radial expansion 

of the material. Applying equation (1) one obtains 
the curve shown in Fig. 7; the correlation with the 
observed data is much better than Hill et al’s theory. 
The limitation of the aforementioned and other treat- 
ments [19,20] is that work hardening is not incor- 

porated into the computations, leading to a propor- 

tionality between H and aY. On the other hand, the 
deformation process under a real indenter and for a 
material that work hardens is much more complex 
than in a non-work-hardening case; the flow stress 
increases with plastic deformation. The net result is 

that the resistance to penetration is increased due to 
work-hardening. The simple analytical models and 
the slip-line-field theory do not consider this effect. 
The finite element code described in Section 3.3 

incorporates this effect successfully. 
An attempt to obtain the ductility from the con- 

tinuous indentation test parameters was made based 

on Biiklen’s [21] concepts, taking into account the 
differences shown by the deformation around the 
indentation, where piling-up occurs for the rolled 
materials and sinking-in is observed for the perfectly 
annealed ones (Fig. 8). A plot of h/r ratio (where h 
is the height of the pile-up region and r is its length; 
it is the extension of the plastic deformation on the 

surface of the specimen) vs uniform elongation u is 
shown in Fig. 9. The experimental data are repre- 
sented by an exponential curve as 

In F = -(0.195 f 0.067) - (8.81 + 0.35) u. (4) 
0 

The numbers in the brackets preceding the + signs 
are the standard deviations. The square of the cor- 

relation factor R* is 0 972 . . 
The presence of pile-up in a material is ex- 

plained by the fact that plastic deformation takes 
place at constant volume, and the volume displaced 
by the indenter produces an extrusion near the edges 
of the penetration. Meyers et al. [22] have found 
that the shape of this pile-up region is directly related 
to the plastic response of the material. Qualitatively, 
the shape difference is easily explained by looking 
at the extension of the plastic deformation through- 
out the specimen. If the material work hardens, the 
flow stress of the regions plastically deformed in- 
creases, forcing further plastic deformation in regions 
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Annealed 

(b) 
80 % cold rolled 

Fig. 8. Sinking-in and piling-up (a) in annealed and (b) 80% cold rolled Ni-200. 

further and further away from the indentation. An 
extended plastic deformation region is produced, by 
virtue of the constancy of volume, and a diffuse 

pile-up results. 

3.3. Dc$iirmation process during ~~dentat~~n 

Simulations of the deformation process taking 
place during indentation were conducted by using the 
FEM code, in which penetration depths were 0.25, 
0.5 and I .O mm and materials were Ni-200 and brass 

70/30 in the annealed condition and with different 
degrees of cold-rolling reduction. 

The relationship between the effective true stress 5 

o Long NI-200 

0 Tim NI-200 

. Long. 70130 
Brass 

Uniform elongation 

Fig. 9. Ratio h/r vs uniform elongation t* in Ni-200 and 
70130 brass (where h and )* are height and width of pile-up 

region, respectively). 

and the effective natural plastic strain, Z,,, used in the 
code as the constitutive equation, is 

ii = c (Ep + ii)n. (5) 

Material constants of equation (5) for Ni-200 are, 
for example, ii, = 69.0 MPa, c = 780.0 MPa, 6 = 
0.741 x 10m4, and n = 0.255 for the annealed con- 

dition; and 7i, = 789.0 MPa, c = 953.0 MPa, 6 = 

0.524 x lO_ ‘. and n = 0.025 after 80% rolling reduc- 
tion. 

The deformation process of Ni-200 in the annealed 

and 80% cold rolled conditions is illustrated for a 
penetration depth of 0.50 mm in Fig. 10. Figures 1.1 
and 12 show the isostrain and isostress contours 

obtained from the numerical results for annealed and 
80% cold rolled Ni-200, respectively. There are 

differences between the stress and strain fields of the 
annealed and the deformed material. The isostrain 
and isostress contours for the deformed material 

(80% cold rolled Ni-200) concentrate in a region 
closer to the indenter than for the annealed material; 
this difference results in the formation of a bigger 
pile-up in the case of the deformed material. No 
difference in the computational results for the defor- 
mation process was obtained for the different depths 
of ~netration. This leads to a proportionality be- 
tween the applied load and the indentation depth. 
This is due to a similarity which is based on using the 
same mesh division and the same boundary condi- 
tions for different indentation depths and applying 
different amounts of displacements along the inden- 
tation edge. These displacements are varied propor- 
tionately to the mesh dimensions. This prediction is 
in good agreement with the experimental load versus 
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(4 

Fig. 10. Deformation of finite-element mesh after indentation for (a) annealed Ni-200 and (b) Ni-200 cold 
rolled to a reduction in thickness of 80%. 

penetration depth plots (Fig. 6) which show a propor- 

tionality between load and penetration depth. 

3.4. Penetration forces 

Penetration forces were calculated from the values 
of applied forces at the nodal points along the 
indentation edge, by using the conservation of energy 
criterion. This consideration gives an equation of the 

form 

PM = P(Ahd + Ah,) = .&Ax, + Cf,,Ayyi 

+ C&Al, + AE, 

where frCi =f& 

(6) 

P is the penetration force, and Ah is an apparent 
penetration depth of the indenter, which consists of 
a true penetration depth Ah, and a shortening of the 
indenter Ah,. fXi and fYi are the nodal forces acting 
along the indentation edge with the incremental 
displacements Axi and Ayi in the x and y direction, 
respectively. fJCi and fni are the frictional force and 

normal force at the nodal points along the inden- 
tation edge, respectively, Ali is the distance along 
which the frictional force moved, and p is the 
coefficient of friction. AE4/- is the incremental energy 
for the crack formation. Equation (6) states that the 
external work done by the indenter (product of load 
and displacement) is equal to the sum of the work 

done by the surface tractions (decomposed along the 
x and y axes), the work done to overcome friction, 
and the work needed to create the new surface (crack 
extension). The term PM, is the elastic strain energy 
of the indenter and is actually a correction term. The 
distribution of the nodal forces along the indentation 
edge obtained for penetration depths of 0.50 mm for 
the annealed and 80% cold rolled conditions of 
Ni-200 are shown in Fig. 13. Also observable in this 
figure is a clearance formed near the tip of the 
indenter due to the stress field created by the displace- 
ments acting in the x direction when the penetration 
is taking place. This means that these displacements 
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(b) 
Fig. 11. (a) Isostrain contours of EP and (b) isostress 
contours of 5 for penetration depth of 0.5 mm in annealed 

Ni- 200. 

are larger than the ones required by the indenter. By 
using the indenter with a diameter of 3.0 mm and a 

length of 14.45mm including the part of the 30- 
wedge (Young’s modulus = 2.1 x 1O’MPa) the dis- 
placement correction due to elastic deformation was 
made as shown in Fig. 14(a). The direct and corrected 
plots of penetration load vs indentation depth are 

(4 

r 

(b) 
Fig. 12. (a) Isostrain contours of E,, and (b) isostress 
contours of 5 for penetration depth of 0.5 mm in Ni- 200 

cold rolled to a reduction in thickness of 80%. 

(a) 

I (b) 
Fig. 13. Distribution of nodal forces along indentation edge 
for 0.50 mm penetration depth (a) in annealed and (b) 80% 

cold rolled Ni-200. 

shown by a thick and a thin solid line, respectively. 

A schematic representation of the energy distribution 
during the penetration process is also shown in Fig. 
14(a). The friction on the surface of the indenter is 

considered to be between sliding and stick-slipping 
because the indenter penetrates into a specimen mak- 

ing new surfaces on it due to crack formation. 
Therefore, indentation forces were calculated for the 
two cases of sliding and stick-slipping; the coefficient 
of friction was assumed to be 0.1 for sliding [23] and 

0.3 for stick-slipping [24]. The results of these calcu- 
lations are shown in Fig. 14(b), where experimental 
data which have already undergone displacement 
correction (elastic shortening of the indenter) are 

shown by solid lines; results for sliding (,u = 0.1) are 
shown by dashed lines passing through analytically 
determined points, and the ones for stick-slipping 
(p = 0.3) are shown by dash-dotted lines. 

When friction of the indenter is assumed to be 
based on sliding, the penetration forces calculated are 
far lower than the observed forces (dashed lines). 
Additional load and energy are needed in order to 
match the experimental data. To explain this 
difference, the friction is assumed to be based on 
stick-slipping, so that the calculated penetration force 
increases and becomes close to the actual force 
(dash-dotted lines). 

Another factor which affects the calculated load is 
the energy needed for crack formation. The surface 
energy for nickel is 7 = 2280 erg cm-’ [25]; the area 
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Fig. 14. (a) Schematic representation of correction for 
elastic shortening of indenter and of the energies during the 
penetration process. (b) Computer results for load- 
penetration depth curves after correction for elastic short- 

ening of indenter. 

under the indentation is 1.46 mm’. Hence, a value of 

about 33.28 x 10m7Nm for crack formation is ob- 
tained. This value is very small in comparison with 
the energy required for penetration to the same depth 
(0.850Nm) and can be therefore neglected. 

Three different boundary conditions in the y direc- 

tion along the indentation edge are assumed in order 
to simulate the deformation processes of piling-up 
and sinking-in: (1) the boundary condition (in the y 
direction) is set free; (2) the boundary conditions are 

0.5mm 

Fig. 15. Indentation profiles for annealed Ni-200 (0.50 nun 
penetration depth) under different boundary conditions for 

displacements in y direction. 

fixed to establish the profile shown in Fig 8(b); and 
(3) the boundary conditions are defined by the dis- 
placements of the sinking-in profile shown in Fig. 

S(a). The other boundary condition (the x direction) 
is established by the displacements for all cases, and 
the boundary conditions near the tip of the indenter 
are always free in both x and y directions, so that a 

small clearance is produced between the indenter and 
a specimen as shown in Fig. 13. A comparison of 
displacements and estimates of the forces according 
to the three different boundary conditions are shown 
in Fig. 15 and Table 1. It is observable from Table 

1 that the indentation force P, calculated for the given 
displacement condition is higher than for the cases of 

free and fixed conditions. Hence, one can conclude 
that the establishment of the boundary condition has 

an effect on the load vs penetration curve. 
The load/projected area ratios were calculated for 

both 70/30 brass and Ni-200 after different amounts 
of work hardening, and for three different conditions: 
non-friction (p = O.O), sliding friction (p = O.l), and 
stick-slipping friction (p = 0.3). They are plotted 
against the yield stresses in Fig. 16 and numerical 

results for Ni-200 and brass 70/30 are shown, re- 
spectively, by continuous lines and dashed lines. 

When the friction is assumed to be by stick-slipping 
the calculated results are very close to the experi- 

Table I. Force needed for deformation of specimen Fdel, frictional force Ffi in case of p = 0. I, and indentation 
force P, for different boundary conditions in y direction along the indentation edge 

Force for 
Normal Tangential deformation Frictional Indentation 

Boundary Nodal forces’ force force of specimen force force 
condition Cfx, ES,, F, F, F&f FR P LOtal 

y = free 362 0 350 98 765 231 996 
y = fixed 458 212 498 87 717 301 1018 
y = given 456 254 521 8 817 299 III6 

“All forces are given in Newtons. 
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Fig. 16. Comparison of experimental relationship between load-projected area ratio and yield stress Hith 
numerical results obtained for three different conditions: of non-friction (1~ = 0.0). of shdinp friction 

(p = 0.1) and stick-slipping friction (11 = 0.3). 

mental data, especially in the regions of low and high 
yield stresses. When the friction is not considered, the 
calculated results are given by two lines of p = 0.0 in 

the figure, and represent forces needed for the plastic 
deformation of specimen produced by an indenter. 
The force needed for penetration was also analyzed 
by Hill et al. [7] by applying the slip-line-field theory 
to the deformation of perfect plastic material as 

shown by a solid line in the figure. Our calculated 
forces for p = 0.0 are considerably larger than their 
results; this difference is due to work hardening 
incorporated into the computations. However, the 

numerical results are far lower than the experimental 
data if the friction force is not considered. As the 
yield stress increases due to the work-hardening (after 

pre-deformation), the stress-strain curve becomes 
close to a perfect plastic curve, to which the slip-line 
field theory can be applied with good approximation. 
From this fact. the calculated results obtained from 
the FEM are inferred to increase linearly according 
to the increase of yield stress beyond a certain yield 

stress; the slip-line-field theory also predicts a linear 
increase. However. the slopes of the former and the 
latter are different because of the frictional force. 

3.5. Plasticine model 

Modeling of the deformation process by an in- 

denter was conducted using plasticine. One of the 
models consisted of fine alternated strips of black and 
white plasticine with free lateral boundaries as shown 
in Fig. 17(a). This model was penetrated by a rela- 
tively small indenter. The penetration profile from 
this model is sinking-in and resembles the defor- 
mation process taking place in annealed materials 
shown in Fig. 1.5. Here, the lines are deformed 
downwards in the vicinity of the indentation, while 
the region under the tip of the indenter showed no 
deformation. This fact is in accordance with the 

deformation process obtained from computer simu- 
lations. 

Another model using a fine printed grid under fixed 

lateral boundary condition was indented with a rela- 
tively large indenter. In this case the deformation 
process near the indenter is piling-up and resembles 
the numerical result of free condition in the J‘ direc- 
tion shown in Fig. 15. 

From these results, it is concluded that the defor- 

mation processes of piling-up and sinking-in are 
affected by not only metal flow related to the work- 

hardening, but also by the boundary conditions of 
the specimen penetrated, namely, relative size be- 

tween the indenter and the specimen thickness. 
Hence, the size of the specimen should bc consid- 

erably larger than the indentation. 

(a) 
0 5cm 

---. _“,-x,-” 

(b) 
2cm 

Fig. 17. Plasticine model showing (a) sink-in and (b) pile-up. 
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4. CONCLUSIONS REFERENCES 

From the experimental and numerical results for 
Ni-200 and brass 70/30 using a continuous inden- 

tation test, the following conclusions are obtained: 
1. A continuous indentation test for metals which 

is statistically reliable was developed. 

2. A linear relationship between applied load and 

penetration depth of the materials is obtained for this 
continuous loading test with the slope of this line 
being a function of the metallurgical history. 

3. The results obtained from the test developed 
can be related to tensile parameters by equations (2) 

and (4). 
4. The finite element code developed for this study 

was used to simulate plastic deformations around an 
indentation edge taking place during penetration and 
the surface profiles in the cases of piling-up and 

sinking-in. The results of the computer simulation for 
the required load for penetration were found to be 
lower than the experimental values, due to the 
influence of the frictional forces during the pene- 

tration process. When the friction is assumed to be 
close to stick-slipping (p = 0.3), calculated results are 
in good agreement with the experimental results. 
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